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1. INTRODUCTION 
Groups with Cernikov conjugacy classes, or CC-groups, were first con- 
sidered by Polovickii [9, lo] as an extension of the concept of FC-groups. 
A group G is said to be a CC-group if G/C&xc) is a Cernikov group for 
each x E G. Polovickii’s basic result is that G is a CC-group if and only if 
the normal closure (xc) of each element of G is Cernikov-by-cyclic and 
G/C,(x’) is periodic for each x E G. It follows that the periodic CC-groups 
are the groups which are locally (normal and Cernikov) in the sense that 
they have a local system consisting of normal Cernikov subgroups. 
An automorphism cp of a group G is said to be locally inner if, for each 
finite set of elements xi, . . . . x, E G, there is an element gE G such that 
xi’P=g -lxi g, for i = 1, . . . . n. The locally inner automorphisms of G clearly 
form a subgroup of Aut G, which we denote by Linn G. Two subgroups H 
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and K are said to be locally conjugate in G if there is an automorphism 
cp E Linn G such that Hq = K. The set of all subgroups of G which are 
locally conjugate to H is Lcl H, the local conjugacy class containing H. 
The well-known Sylow theory of FC-groups has been extended to 
CC-groups in [ 1,6, 81, and the theory of Fitting classes and injectors has 
been-similarly extended by Dixon [3]. As in the case of FC-groups these 
situations lead to local conjugacy theorems and the group of locally inner 
automorphisms of a CC-group clearly has the same importance as in 
FC-groups. 
We therefore consider here some of the basic properties of the locally 
inner automorphisms of a CC-group G; in particular, determining the size 
of Linn G and Lcl H when G is a CC-group with G/Z(G) periodic. We also 
obtain some general results on the question of when the local conjugacy 
class containing H coincides with the conjugacy class containing H. The 
discussion in Chapter 4 of [ 121 suggests that, for an FC-group G, Linn G 
is best considered as a certain profinite completion of Inn G, the group of 
inner automorphisms of G. This introduces some of the elementary 
topological properties of protinite groups which help to give insight into 
the nature of the group Linn G. We use the same approach here although 
there are some additional complications. 
The group of inner automorphisms of a CC-group is, of course, 
residually Cernikov and a topological approach to residually Cernikov 
groups has been described by Dixon [2]. If G is a residually Cernikov 
group then we define a Cernikov residual system of G to be a set 
J’ = (N; : i E I} of normal subgroups of G such that 
(i) for each i, jEZ, there is a kEZsuch that N,<NinNi; 
(ii) fi {Ni: iEZ} = 1; 
(iii) for each ie Z, G/N, is a Cernikov group. 
Given a Cernikov residual system ,.+’ of G, G can be given a topology in 
which the set of cosets 
{ Hx : x E G and there is an ie Z such that H 2 Ni} 
forms a closed sub-base. Dixon calls this a co-cernikov topology and G is 
a co-Cernikov group relative to J+“. A pro-Cernikov group is simply an 
inverse limit of Cernikov groups, and the pro-Cernikov groups are 
precisely the compact co-Cernikov groups [2, Theorem 2.81. If G is a co- 
Cernikov group relative to &‘, then the pro-Cernikov group L = b(G/Ni) 
is the pro-cernikov completion of G with respect to ,+‘. 
One of the difficulties in extending results from cotinite groups to co- 
Cernikov groups is that co-Cernikov groups are not, in general, topological 
groups (see p. 68 of [2]). A second difficulty which complicates our 
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cardinality results is that Cernikov groups have too many subgroups. In a 
colinite group G/N, is finite and so there are only finitely many subgroups 
containing N, but in a co-Cernikov group G/N, is a Cernikov group and 
there may be uncountably many subgroups containing N;. A specific exam- 
ple of this is provided by the direct product G = A x B of two quasicyclic 
p-groups 
A= (a,,a,, . . . . (a,)C= 1, (a,+,)P=a,,), 
B=(h,,h, ,... :(b,)“=l.(b,+,)“=b,,). 
For any sequence Y = (E,, sZ, . ...) of O’s and I’s, 
G,, = (a,(h,Y’, a,(b,)“’ (b,)“:, a3(b,)“’ (b2)E2 (b,)63, . ..) 
is a quasicyclic subgroup of G and different sequences give rise to different 
subgroups. 
Despite these complications we prove in Theorem 2.3 that, for a 
CC-group G, Linn G is a pro-Cernikov completion of Inn G. When G/Z is 
periodic, where Z = Z(G), we are able to make use of this characterization 
to prove that, in general, ( Linn G 1 = 21G’Z’ and that 1 Lcl H ( = 21HiNG’. 
Theorems 4.5 and 5.4 give the precise conditions under which these results 
hold. Example 4.1 shows that these results fail if we allow G/Z to be non- 
periodic. In Section 6 we consider the question of when Lcl H coincides 
with Cl H, obtaining a complete answer if G is a residually Cernikov CC- 
group. Given a subgroup H of a CC-group G, this result can be applied to 
the subgroup HZJZ of G/Z and could be used to consider groups in which, 
say, the Sylow subgroups are conjugate. However, we do not consider these 
specific examples here and the restrictions on the structure of G which 
follows from conjugacy of particular subgroups of G may be found in 
[S-S]. 
We also remark that some of the results used here give some information 
about questions raised in [4]. It was pointed out there that one difficulty 
in working with (periodic) CC-groups is that one may have a Cernikov fac- 
tor group G/N but no Cernikov subgroup H such that G = HN. However, 
if C/N = Z(G/N) then Lemma 4.3 shows that there is a Cernikov subgroup 
H such that G = HC and this partial covering result (due to M. Gonzalez) 
is sufficient for our purposes here and has also prove useful in other 
contexts (see [S]). 
In [4] it was also remarked that the minimal condition on the interval 
[G/NJ H)] (that is, the minimal condition on the set of subgroups K such 
that N,(H) <K < G) seemed difficult to work with. The discussion in 
Section 5 indicates the significance of this condition. 
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2. PRO-CERNIKOV COMPLETION OF INN G 
Locally inner automorphisms, by definition, coincide with inner 
automorphisms on finite subsets of G. Our first lemma shows that they also 
coincide with inner automorphisms on certain larger normal subgroups 
of G. 
LEMMA 2.1. Let H be a normal subgroup of a group G such that 
G/C,(H) is a Cernikov group. If cp E Linn( G), then there is an element g E G 
such that hcp = g- ‘hg, for all h E H. 
Proof Since G/C,(H) satisfies the minimal condition, there is a finite 
subset X of H such that C,(X) = C,(H). Since X is finite, there is an ele- 
ment g E G such that xcp = g - ‘xg, for all x E X. Now let h E H and consider 
the finite set Y= Xu {h). There is an element aE G such that ~+cp = a-‘ya, 
for all )’ E Y. In particular ?rcp = a-- ‘xa =g- ‘-Yg, for all ,Y E X, and so 
ag -’ E C,(X) = Co(H). Hence hq = a-*ha=g-‘hg. 
COROLLARY 2.2. Let H be a normal subgroup of a group G and let 
q E Linn(G). [f either 
(a) H= (xc), where X is a finite set, and G is a CC-group, or 
(b) H is Cernikov and G/Z is periodic, 
then there is an element g E G such that hcp = g- ‘hg, for all h E H. 
Proof: By [ 11, Theorem 3.291 or by definition of CC-group, G/Co(H) 
is Cernikov, and we apply (2.1). 
The conclusion of the above result is, of course, false for a normal 
Cernikov subgroup of an arbitrary CC-group. Let H= A x B be the direct 
product of two quasicyclic p-groups and let E: A + B be an isomorphism. 
Then H has an automorphism y which fixes each element of B and maps 
each element a E A to a(ae). Let G be the split extension of H by (I!); then 
Gis a CC-group. IfA=(a,,a2r...:(al)P=1,(a,+,)P=a,), then Ghas a 
locally inner automorphism which coincides with y ’ + p+ “’ +p” on (a, + I ). 
This clearly does not coincide with an inner automorphism on H. 
Now let z = (Fi : iE Z} be the local system of the CC-group G consisting 
of all normal closures Fi= (Xi”) of finite sets Xi of elements of G. We let 
A = Inn G and, for each is Z, Ci = C,(F,) = {TV E A : XCL = x, for all x E Fi}. If 
2 is the centre of G, then A z G/Z and, under this isomorphism C,4(Fi) 
corresponds to C,( Fi)/Z. 
THEOREM 2.3. With the notation above, V = { Ci : iE I> is a Cernikov 
residual system oj- A = Inn G and L = Linn G is the pro-Cernikov of A with 
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respect to ‘6. Moreover. [f zi: L + A/C, is the natural homomorphism, then 
Kj=Ker~j=C,(F,)=(cp~L:scp=.~,forall.~~Fi~. 
Proof Since G is a CC-group, A/C, z G/C,( Fi) is a Cernikov group, 
for each i E I. It is also clear that n {C, : i E I> = 1. If i, j E Z, then there is 
a k E I such that F,F, 6 Fk (simply take X, = Xiu X,) and hence 
C, 6 Cj n C,. Thus % is a Cernikov residual system of A. 
If cp E L and i E Z, then by Corollary 2.2, there is an inner automorphism 
CL~ E A such that q ] F, = xi) F,. Therefore rp(cci) ~ ’ E C,( Fi) = K, and so 
L = AK,. Hence LjK, 2 A/Ci and we have a natural homomorphism 
xi: L -+ A/C, with Ker TC, = K,. The homomorphisms 7ti induce a 
homomorphism rr: L -+ n {A/C,\ i E I}. Clearly cp” = (a,C,) and so we have 
that Im TC ,< b(A/C,). As in Theorem 4.12 of [ 123, it is easily checked 
that n: is an isomorphism from L to hn~ (A/C,). 
The topological description of Linn G as a pro-cernikov group and the 
fact that such a group is a compact space enable us to give a method of 
constructing locally inner automorphisms of G from inner automorphisms 
acting on the subgroups of the standard local system Z = {F, : i6 Il. Our 
later results will also require properties of the specific residual Cernikov 
system 59 = {Ci : i E I} of A used in forming the completion Linn G. Note 
that (Ki : i E I} is a residual Cernikov system of Linn G, which we shall 
refer to as the standard residual Cernikov system of Linn G. 
LEMMA 2.4. Let G be a CC-group and let Z = { Fi : i E I > be the standard 
local system of G. For each i E I, let 157, be a non-empty closed subset of the 
group of automorphisms induced in Fi by G (i.e., closed in the topology on 
AfC,) such that, whenever F, 3 F,, each element of fl, induces in F, an 
automorphism from ai. 
Then there is a locally inner automorphism cp of G such that cp induces in 
each Fi an automorphism from d,. 
Proof For each iE Z, let Ki= C,(F,) so that (Ki : ie 1; is the standard 
residual Cernikov system of L = Linn G. Let 8 be the natural isomorphism 
from A/C, to the group of automorphism induced in F, by G and let 
$= {cp~L:cpl,~&~}. Then di0-‘rc:‘=‘3i is a closed subset of L. If 
Fi 2 F,, then PJj 2 Bi and since the F, form a local system of G, it follows 
that (%Yi : i E I> has the finite intersection property. Since L is compact, 
n {98t:iEIj#@ and so there is a locally inner automorphism 
cp E n {Bi : i E I}. This q is the required automorphism. 
The above lemma can be used to prove local conjugacy theorems as in 
[l, 31. We make use of it here to see that locally inner automorphisms of 
subgroups or factor groups of a CC-group G are induced by locally inner 
automorphisms of G. 
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THEOREM 2.5. Let G be a CC-group. 
(i) rf H < G and cp E Linn H, then there is a 9 E Linn G such that 
fJl,=cp. 
(ii) If N 9 G and cp E Linn G/N, then there is a 8 E Linn G such that 
(3 induces cp in GIN. 
Proof (i) Let 6Zi be the set of automorphisms of Fi induced by inner 
automorphisms of G and which coincide with ~0 on H n Fi. By 
Corollary 2.2, 6Zi # 0. Also, ni is a coset of C,(Hn F,)/C, and so is a 
closed set. Therefore we can apply Lemma 2.4 to obtain the result. 
(ii) Now let ai be the set of automorphisms of Fi induced by inner 
automorphisms of G and which induce in F,N/N an automorphism coin- 
ciding with cp. Again, by Corollary 2.2, ai # 0. If A= Inn (G/N), 
z = F,N/N and c= C,-(E), then there is a natural homomorphism 
p: A/C,--+ J/c. By Lemma 2.2(iii) of [2], p is a closed continuous map. 
By Corollary 2.2, there is an Cr E A such that cp lx = Cr lE and a, = (SC) p ~ ’ 
is a closed set. Thus the condition of Lemma 2.4 are again satisfied and the 
result follows immediately. 
There is one simple corollary of this result which will be require later and 
which we state without proof. 
COROLLARY 2.6. Let G be a CC-group. 
(i) ZfH<K<G, then LclK(H)~Lcl,(H). 
(ii) rfN_aGandN<H, thenLclo;,(H/N)={K/N:K~Lcl,(H)};in 
particular 1 Lclc!,,,( H/N)1 = I Lcl,( H)( . 
3. THE INDEX OF CERTAIN SUBGROUPS OF LINN G 
For a protinite group it is possible to determine the index of any closed 
subgroup. Because of the difftculties referred to in the Introduction this is 
not possible in general in a pro-Cernikov group but we are able to consider 
a subgroup U of Linn G which is the intersection of certain subgroups U, 
which each contain a subgroup from the standard residual system. Before 
proving this reslt we first separate out one of the technical consequences of 
the compactness of Linn G. 
LEMMA 3.1. Let G be a CC-group and let { Ki = C,(F,) : iE I} be the 
standard residual Cernikoo system of L = Linn G. Let VA, 1 E A, be sub- 
groups of L such that each UA contains a subgroup Kici,, for some i(A) E I. 
Suppose that /3 E A and I-S A such that LJ, 2 n { Uy : y E I’}. Then there 
is a finite subset (II), , . . . . yk} c r such that iJ, 2 L7,, n . . n U,,. 
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Proof We suppose the result is false. Let R be the set of all finite 
subsets of f and, for each o E Q, write C’, = n { CJ,, : 1’~ 0). Then 
U,>n {U.,:yEf) =n {U,:~EQ) and, for each crc, U, 3 U,. 
Let Y,j = core,( CT,) 3 K,,,, and consider I’= n (U, I’, : OEQ}. Since 
L/VI, satisfies the minimal condition, there is a finite set (a,, . . . . a,,} &sZ 
such that 
V = CJ,, V, n . . n U,,, V, 3 (U,, n . . . n U,J Vs = U,, V,, 
where crO=~,u ‘.. ucr,,~Q. 
Let R,,={a~52:o,~a}; then U,bn {U,:oEQ}=n (U,:OEQ,} 
and, for all CJEQ,, U, V,= V. 
In particular, V ~4 U,. Let {S,/VI, : CI < 2~) be the ascending socle series 
of the Cernikov group L/V,j. There is a least CI such that Vn S, 6 U,. 
Clearly CI is not a limit ordinal and so o! - 1 exists and Vn S,- L < Ii,. 
Thus, for each o E Q,, U, n S, , < U, and UC n S, & U,, since 
VnS,= U,VgnS,=(U,nS,) V,. 
Now S,jSXP, is finite and so (U,nS,:II,nS,nUgIblU,nS,: 
lIonSap,) is also finite. Also, U,nS,nUp>,n {K,,i.,:y~a)nKi,Bj= 
C,(X’), where X is the finite set given by X= U (Xi,,, : 11~0) u X,,Bj, and 
so U, n S, n U, is a closed subgroup of L. Hence (U, n S,) - U, is a 
union of finitely many cosets of the closed subgroup U, n S, n U, and so 
is a non-empty closed subset of L. If c,, . . . . o,,, E Q,, then n { (17, n S,) - 
U, : i = 1, . . . . m)=(U,nS,)-Us, where o=~,u .‘. UCYJ,EQ,,, and so 
the family of closed sets {(U, n S,) - U, : c E 52,) satisfies the finite inter- 
section property. Since L is compact, n ((U, n S,) - U, : u E Q,} # 0. But 
this implies that n {U, : r~ E Q,j C U,, contrary to hypothesis. 
We now prove our most general result on the index of certain subgroups 
of Linn G. It will be seen that our hypotheses are chosen to avoid the 
complications caused by Cernikov groups having uncountably many 
subgroups. However, we shall see in the following sections that these 
hypotheses are satisfied by the subgroups in which we are interested. 
THEOREM 3.2. Let G be a CC-group and let { Ki = C,( F,) : i E I > be the 
standard residual Cernikov system of L = Linn G. Let U1, 1 E A, be distinct 
subgroups of L such that 
(a) each U, contains a subgroup KicA,, for some i(ll)EI; 
(b) each finite intersection U*, n . . . n UA,z is contained in only coun- 
tably many U,, p E A; 
(c) U= n {U, : AE A} does not contain any Ki, iE I. 
Then 1 L : U I = 2“. 
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Proof: The set n may be well-ordered and so we may assume that 
,4 = (2 : 1 <p}, where p is the least ordinal of cardinality 1 /i ( . We define 
a second well-ordering on n by defining a bijection cp from a certain set of 
ordinals onto the set (1 : 1< p} as follows. Let cp( 1) be any element of /1 
and then suppose that we have defined rp(/?) for each B< E. Let 
A(a)= {AEA : U,> Uvcp,,n ... n UolBk,, for some p,, . . . . fl,<a}. 
(I) If ,4(a) is not contained in {q(P) : /I < a}, then define cp(cr) to be 
the smallest ordinal 1 E n(a) - {rp(/?) : /? < a}. 
(II) If A(a) E {cp(B) : B<cc}, then define cp(cr) to be the smallest 
At+ {CPM) : P<a}. 
(That is, after introducing a new U1 we then include the set all the U, 
which contain a finite intersection of listed subgroups.) 
We can continue to define the cp(or) until the set (A : 2 < p} is exhausted 
so that cp is defined on a set J of ordinals such that 1 JI = 1 /i 1. 
We say that a~Jis closedif /i(a)~{cp(@:~<a}. 
If a EJ is finite, then by condition (a) there are only countably many 
U,‘s containing n ( UpCBj : /? < a} and so the succeeding closed ordinal Cr E J 
is countable. Also, using (a), n { Urp,Bj : /k ii} = n { UvtBj : /I < a} 2 
fJ i KifrpCPl) : p < a} > C,(F), where X = lJ { Xj(Vp(B), : B < a} is a finite subset 
of G. Therefore, by condition (c), there is a i E n such that 1# {cp(p) : a < 5}. 
If a E J is infinite, then by condition (a) there are only (a ( distinct U,‘s 
containing finite intersections Uv,B,) n . . . n UrpcBt, (pi, . . . . bk < a) and so 
) Cr 1 = ( a 1. In both cases it follows that J contains I n I closed ordinals. We 
let J= {a : a < a}. (In fact, if n is uncountable, then c =p and if n is 
countable then 0 <oz.) 
We show that there are 2 In’ distinct cosets of U in L by forming 2’“’ 
sequences of cosets { I!I~,~~x, : a < c} such that each finite subset 
{ ufp(l,pq’ ...v U&k) dlk x 1 has a non-empty intersection. Since the Upp(orj x, 
are closed subsets of. the compact space L, it follows that there is an 
x E n ( Ulp,l,x, : a < c} and so Ux = n { Uwp(.jxa : a CO} is a coset of U in 
L. Distinct sequences of cosets give rise to distinct cosets of U. 
We say that the sequence { UvpcB,xB : /I < a } is coherent of length a if the 
intersection n { Uqp(Bj xg : /? < a> # 0. We show that each coherent 
sequence of length a can be extended to one of length a + 1 and that if a 
is closed the sequence can be extended in two different ways. (Note that 
because of the finite intersection property there is no problem in extending 
through limit ordinals.) 
(A) Suppose that ( Uvp,8,xlr : p < a} is coherent. Then there is an element 
xcn {U,,,p(B,.xB:/?<a}. We put x,=xso that x,n {Uv,BjxB:j3<a”) and 
so the sequence { Uvp(B~xB : /3 da} is coherent of length a + 1. 
(B) Suppose that { Uqp(Il,xB : p < a} is coherent and a is closed. Again 
390 OTAL. PEGA. AND ToMKlNSoN 
there is an element I E n { Cr~,,,B,sB : /I < t( )-. But also, by Lemma 3.1, 
cr,,2, 3 n v4t8,:~4 and so there is a ?‘E[~~~~~~,-Y~:B<cI)]- 
u V,X, and the sequence can be extended by putting s, = .Y or X, =J’x. The 
cosets Llq,l,.~ and Li,,,,,, _ vs are distinct and so this completes our construc- 
tion of the 2’.” sequences of length c. 
4. THE GROUP OF LOCALLY INNER AUTOMORPHISMS 
We have described Linn G as a pro-Cernikov completion of Inn G with 
respect to a certain residual Cernikov system. Our aim in this section is to 
show that the standard residual system ( Ki : in I> of Linn G satisfies the 
conditions for UP. (1 E ,4 ) in Theorem 3.2 and contains precisely 1 G/Z 1 sub- 
groups. Unfortunately, further conditions are necessary as the following 
example shows that, in general, this is false. 
EXAMPLE 4.1. Let A and B be isomorphic to Z(pX ); then 
Horn (A, B) z R, the ring of p-adic integers. For each r E R denote the 
corresponding homomorphism by ~1~. Then form the split extension G of 
A@ B by R, where the action of R on A Q B is given by (a, b)‘= 
(a, arl, + b). 
Then Z(G) = G’ = B is Cernikov and it is easy to check that G is a 
CC-group. If i is the identity element of R, then C,(i) = BR = C,(R). If 
cp E Linn G, then icp = a,-’ ia, for some a, E A and, since C,(i) = C,(R), it 
follows that rq = ai ’ ra,, for all Y E R. Also, the mapping a -+ a ~ ‘(acp) is a 
homomorphism from A to B so that a ~ ‘(acp ) = aq,, for some r E R, and so 
acp = (a, as,) = a’. Thus cp acts on G as conjugation by a,r and so 
Linn G = Inn G. 
In this example, G/Z(G) z Z(pE )@ R is nonperiodic and it is this which 
causes the expected results to fail. Our remaining results in this section are 
aimed at obtaining the conditions of Theorem 3.2 for CC-groups G in 
which G/Z(G) is periodic. 
LEMMA 4.2. Let G be a CC-group and T/Z a periodic abelian normal 
subgroup of G/Z, where Z = Z(G). Then T is contained in FC(G), the 
FC-centre of G. 
Proof: Let a E T and a” E Z. Then (a”) Z/Z is a normal abelian 
subgroup of G/Z generated by elements of order n. Also, (aG >ZfZ is a 
Cernikov group and so it is finite. 
Therefore ( aG ) is centre-by-finite and hence finite-by-abelian. Let 
F= (aG)‘, a finite normal subgroup of G, and consider G = G/F. In G, 
(8) is abelian and 5” is central. If go G, then [a, 81” = [a”, g] = 1 and so 
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[ti, G] is abelian of finite exponent and so is finite. Since F is finite, it 
follows that [a, G] is finite and so a E FC(G). 
LEMMA 4.3 (M. Gonzalez [5]). Let N be a normal subgroup of the 
CC-group G such that GIN is a cernikov group. If C/N = Z( G/N) then there 
is a normal subgroup H = (Xc) of G such that X is a finite subset of G and 
G=HC. 
Proof: Let D/N be the divisible part of G/N; then GIN has a finite 
subgroup S/N such that G = SD. There is a finite set X of elements of G 
such that S= (X) N and hence G = (X) D. Since D/N is divisible and 
S/N is finite, by Lemma 3.29.1 of [ 111, we have that D/N = (CD, S] N/N) 
C&S/N) < [D, S] C/N. Therefore G = (X) D = SC[D, S] . But CD, S] d 
(p) N and so G = (p) C, as required. 
LEMMA 4.4. Let G be a CC-group with G/Z periodic and let N be a nor- 
mal subgroup of G with G/N cernikov. Then C&N )/Z is a cernikov group. 
Proof: Let Y/N = Z(G/N) and let R/N be the divisible part of Y/N. By 
Lemma 4.3, there is a normal subgroup H= (P) of G such that G = HR 
and X is a finite set. Therefore G/C,(H) is Cernikov and Z= C,(H) n 
C,(R). Hence C,(R)/Z is Cernikov. 
Let T= R n C,(N); then C,( N)/T is Cernikov and so it is sufficient to 
prove that T/Z is Cernikov. Now [T, G] < Tn N and so [T, G, T] = 
[G, T, T] = 1. By the Three Subgroup Lemma, [T, T, G] = 1 so that 
T’ < Z. By Lemma 4.2, Td FC(G). If a E T, then C,(a) 2 N; but R/N is 
divisible abelian and so C,(a) 2 R. Thus A <C,(R) and so A/Z is 
Cernikov, as required. 
THEOREM 4.5. Let G be a CC-group with G/Z periodic. If G/Z is not 
cernikov, then I Linn G 1 = 2’GiZ’. 
ProoJ: We consider the standard residual Cernikov system 
{K, = C,(F,) : i E I} of L = Linn G and show that the subgroups K, satisfy 
the conditions of Theorem 3.2 for the subgroups U,. 
Condition (a) is trivially satisfied and the condition that G/Z is not 
Cernikov ensures that condition (c) is satisfied. For (l { Ki : i E 1} = 1 and, 
since L is not Cernikov, we cannot have Ki = 1 for any i E I. 
Recall our previous notations: A =Inn G, Cj= C,(F,). and in the 
isomorphism A g G/Z, Ci corresponds to C,(F,)/Z. Now define 
F,+ = C,(K,) = { gE G : gcp =g, for all cp E Ki}. Then, making use of 
Corollary 2.2, we have that C,(Ci) d C&K,) and therefore F,+ = C,(K<) = 
C,(C,) = C,(C,(F,)). By Lemma 4.4, FT/Z is Cernikov. Also, C,(FT) = Ki 
so that Ki < K, if and only if F, d F,? < FF. Since F,?/Z contains only 
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countably many distinct finite subsets it follows that there are only countably 
many distinct subgroups K, containing Ki. Thus condition (b) is satisfied 
and so ) Linn G 1 = 2’ ‘I. 
Also, G/Z = ( FiZ/Z : i E I) = (F:jZ : i E I) and so there must be ) G/Z 1 
distinct subgroups F,*. It follows that there are 1 G/Z1 distinct subgroups Ki 
and the result follows. 
5. THE LOCAL CONJUGACY CLASS CONTAINING A SUBGROUP 
We begin by discussing the exceptional case for which our formula for 
) Lcl HJ will not apply. 
The form in which the condition will be most convenient here is that 
N,(H) > C,(F,) for some F, = (XF), the normal closure of a finite set Xi 
of elements of G. If we write NL( H) for { cp E L : Hq = H) this is equivalent 
to N,(H) 2 Ki for some i. It is clear that if N,(H) 2 C,(F,) then the 
interval [G/N,(H)] satisfies the minimal condition. Conversely, since 
NJ H) = n {NJ H n Xc) : X a finite subset of H >, the minimal condition 
on [G/NJ H)] implies that there is a finite set X such that 
NJ H) = NJ H n X”) 2 C,(X’) and so these two conditions are equivalent 
in a CC-group. 
The following result gives a more interesting equivalent condition, 
namely that Lcl H is countable. This condition appears in [ 1, 6, 81, where 
it is shown that the Sylow subgroups of a CC-group are conjugate if and 
only if there are only countably many of them. 
LEMMA 5.1. Let H be a subgroup sf the CC-group G. Then Lcl H is 
countable if and only if there is a finite subset of elements of G such that 
N,(H) 2 CG(XGj. 
Proof. If NG( H) B C,(Xc), then NL( H) 3 K, and so 1 Lcl HI = 
( L : NL( H)I is countable. 
To prove the converse suppose that N,(H) does not contain any 
Co(p). We show that Lcl H is uncountable by constructing a countable 
normal subgroup N of G such that Lcl,( Hn N) is uncountable. It then 
follows from Corollary 2.6 that Lcl,(H n N) is uncountable and hence 
Lcl H is uncountable. 
The subgroup N is constructed as the union of a chain of subgroups 
N, = (Xf > such that, for each k, H n N, has 2k distinct conjugates 
Hgttk’ n N, (i = 1, . . . . 2k), where 
(a) g,(k)cNk+, (i= 1, . . . . 2k), 
(b) g,i-,(k)=g,(k-l), 
(c) gz,W)g,(k- I)-‘EC&N,-,). 
LOCALLYINNERAUTOMORPHISMSOFCC-GROUPS 393 
It follows from (b) and (c) that 
Hgi(k-l)nNk_,~Hgz,~I(k)nNk and Hg,‘k~l’,Nk~,~Hgz,‘k’,Nk. 
Therefore the subgroups H eck)n Nk form a tree with 2’O branches. If the 
subgroups H g(k) n N, form one of these branches then it follows that 
g(k) E N, for all k, and g(k) g( k - 1) ’ E C,( Nk ~~, ). Therefore we can define 
a locally inner automorphism cp of N by .xcp =g(k)-’ xg(k), if x E Nk. It is 
clear that (HnN)cp=U ((HnN,)cp:k~l}=U {Hgfk’nN,:kal) 
and so the union of each branch is a subgroup locally conjugate in N to 
HnN. 
It only remains to construct the subgroups N,. Suppose that we 
have constructed Nk and the 2k-’ subgroups Hg”k-” n Nk _, . Since 
N,(H) 2 C,(Nk- 1) there is an element g E CG(Nk ~ 1) - N,(H). We 
choose Nk= (XF) so that gi(k- l)eNk for all i= 1, . . . . 2k-’ and 
HgnNk#HnNk. Then we define gz,-,(k)=g,(k-1) and gZi(k)= 
gg,(k - 1) and all the above conditions are satisfied. 
The above result is true without any restriction on the CC-group G. As 
we have already seen most of our results require the condition that G/Z be 
periodic. In this situation we have a further, equivalent condition, that 
HG/HG be Cernikov (as usual HG denotes the normal closure of H in G 
and HG denotes the core of H in G). This is similar to conditions used for 
FC-groups in [ 121 (see Lemma 4.21, for example) and is also related to 
some of the questions considered in Section 4 of [4]. 
First we require a variation on Lemma 4.3. 
LEMMA 5.2. Let G be a residually C’ernikoo CC-group and let X be a 
finite subset of G. Then there is a finite subset Y of G such that 
G = ( P) C,(X”). 
ProoJ There is a normal subgroup N of G such that T(p) n N = 1 and 
G/N is Cernikov, where T(XG) is the torsion subgroup of (Xc) and is a 
normal Cernikov subgroup of G (Lemma 1 of [ 11). By Lemma 4.3, there 
is a finite subset Y such that G = ( p ) CG( G/N). But [ CG(G/N), (J? ) ] d 
T(X”)n N= 1 and so C,(G/N)< C,(p). Hence G= (p) C,(p). 
THEOREM 5.3. Let G be a CC-group with G/Z periodic and let H d G. 
Then H”/H, is a cernikov group if and onISv if N,(H) 2 C,( Xc), for some 
finite set X. 
Proof: If HG/HG is Cernikov then G/C,(HG/HG) is isomorphic to 
a periodic group of automorphisms of the cernikov group HG/HG. 
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Hence G/C,(H”/H,) is Cernikov [ 11, Theorem 3.291. Clearly N,(H) > 
C,(H’;IH,) and so [G/N,(H)] satisfies the minimal condition. As noted 
earlier. this is equivalent to N,(H) containing some C,(P). 
Conversely, assume that NG(H) > C,(P) for some finite set X. This 
condition is preserved when we pass to homomorphic images since the 
equivalent condition [G/N,(H)] satisfies the minimal condition is 
obviously preserved. Therefore we may assume that H, = 1 and, in par- 
ticular H n Z = 1. Consider f? = HZ/Z < G/Z = G. There is a finite set R 
such that NG(R) > C&X”) and so, by Lemma 5.2, there is a finite subset 
P of G such that G = ( p) NG( R). Therefore B n Cc( Y’) < RG and hence 
HZ/( HZ), is Cernikov. 
Let Q = (HZ), so that H/Hn Q is Cernikov. Note also that 
HnQg(HnQ)Z=Q and so Q/HnQ is abelian. Therefore Q'<HnQ. 
But Q’ s G and H, = 1 so that Q’ = 1 and Q is abelian. Hence, by 
Lemma 4.2, Q Q FC(G). Also, N,(H n Q) B NJ H) so that [G/NJ H n Q)] 
satisfies the minimal condition and, since H n Q is FC-central in G, it 
follows that ) G:N,( Hn Q)l is finite. Therefore there is a finite set W of G 
such that G=(W')NJHnQ). Again HnQnC,(WG)AG so that 
HnQnCJV)=l and HnQ is Cernikov. 
It follows that H is Cernikov and so H = DF, where D is the divisible 
part of H and F is finite. Since D is characteristic in H, NG( D) > NG( H) B 
C&X’). But D < FC(G) since D is contained in the torsion subgroup of 
the radicable part of G (see Lemma 2.1 of [6]). Hence ( G : NJ D)l is finite 
and DC is Cernikov. Also, P is Cernikov and so HG = DGp is cernikov. 
It should be noted that both directions of this result fail if we omit the 
condition that G/Z is periodic. In Example 4.1 the subgroup A satisfies 
AC/AC is eernikov, since AC = A @ B, but NG( A) = A @ B so that G/N,(A) 
is not even periodic. 
On the other hand N,(R) = BR = C,(i) = C,(i”) but R, = 1 so that 
RfR, is not Cernikov. 
THEOREM 5.4. Let G be a CC-group with G/Z periodic and let H be a 
subgroup of G such that NG( H) 3 CG(Xo) for any finite subset of G. Then 
1 Lcl H( = 2’H’HG’. 
Proof. Using Corollary 2.6, we may assume that H, = 1. We show that 
( L:N,(H)I = 2’“’ using Theorem 3.2. 
Let X,, I e A, be the finite subsets of H and let U1 = NL( H n Xy); then 
N,(H) = n { I!J~ : ,I E A) and we must show that the subgroups 17~ satisfy 
the conditions of Theorem 3.2. We first note that .!J; > C,(Xy) so that con- 
dition (a) is satisfied and the hypothesis that N,(H) $ C,(p) for any X 
implies that n (U, : I l /i} 3 Ki, for any i, so that condition (c) is also 
satisfied. 
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Suppose that U,, 2 UA, n ... n U*,. Then U,, 2 C,(P) where X= 
x,, u . . . u x,, is a finite subset of H. Let V= C,(X’) and consider 
HY=r) {Hrp : (PE V>. It is clear that N,(H,)a V= C,(P) and hence 
NG(HY) 2 C,(P). It follows from Theorem 5.3 that H, is a Cernikov 
group. Since we have N,(Hn X,“)= UP> C,(X) = V, it follows that 
X, < Xz n H < H, and so there are only countably many distinct groups 
U,, containing V. Thus condition (b) of Theorem 3.2 is satisfied. 
Now let FT=fl {Hq:cp~U,}<r) {H~.I:~~EC’,(X~)}. Then FT is a 
Cernikov group, as above, and Xy n H d Ff . Therefore H = (Ff : A E A) 
and if H is not Cernikov then it is clear that there are ) HJ distinct sub- 
groups Ff and hence 1 HJ distinct subgroups 17~. If H is a Cernikov group 
we must note that H # (F$, . . . . F,*,) for if this were the case we would have 
WH)~K(Fl)n ... n N,(F,*,) > C,(XG), where X=X,, u ... u X,+ 
and this is contrary to our hypothesis. It follows that in this case there are 
infinitely many distinct subgroups Ff and hence infinitely many distinct 
subgroups UA. 
In both cases we can apply Theorem 3.2 to obtain I Lcl HI = 
( L : NL( H)J = 2’“‘. 
6. CONJUGACY OF SUBGROUPS 
For FC-groups, it is frequently the case that the subgroups in a local 
conjugacy class are all conjugate if and only if there are only finitely many 
of them. Similar questions have been asked for certain subgroups of 
CC-groups (for example, Sylow subgroups and Carter subgroups [6, S] 
and locally nilpotent injectors [7]). For CC-groups it is more typical 
that the local conjugacy class is countable, although in the special cases 
mentioned above results about the structure of the group G can also be 
obtained. 
LEMMA 6.1. Let G be a CC-group with G/Z periodic and let H < G. If 
HG/HG is Cernikov, then Lcl H = Cl H. 
Proof: Let rp E Linn G; then cp induces a locally inner automorphism 8 
on G/H,. By Corollary 2.2, 8 coincides with an inner automorphism on 
HG/HG and so (H/H,) 0 = H-“fHG, for some x E G. Hence Hq = H” and so 
Lcl H=Cl H. 
The example following Corollary 2.2 shows that this result is false if G/Z 
is not periodic. In general, the converse of this result is false even for 
periodic FC-groups. Example 3.8 of [ 121 gives m uncountable extraspecial 
p-group containing a countably infinite elementary abelian subgroup H 
such that H, = 1 and Lcl H = Cl H. 
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However, the converse is true for residually Cernikov CC-groups. We 
observe first some of the properties of residually Cernikov CC-groups. 
LEMMA 6.2. If G is a residually Cernikov CC-group with centre Z, then 
G/Z is periodic. 
Proof: Let x E G. Then [G, s] is Cernikov and so there is a normal 
subgroup N of G with G/N Cernikov and [G. s] n N= 1. There is an 
integer n such that Y E N. Clearly [G, .V] 6 [G, x] n N = 1 and so x? E Z. 
It follows that Lemma 6.1 can be applied to residually Cernikov CC- 
groups. Also, if H is a subgroup of a residually Cernikov CC-group such 
that HG/H, is not Cernikov then Theorems 5.3 and 5.4 show that 
1 Lcl HI = 2’H!HGI. To prove the converse of Lemma 6.1 it is therefore suf- 
ficient to show that I Cl HI < 1 H/H,). This is obtained in a way similar to 
the arguments in [12], by showing that a residually Cernikov CC-group 
satisfies a condition similar to the Z-groups defined there. 
LEMMA 6.3, If a CC-group is a subgroup of the Cartesian product 
JJ (F, : i E I} of Cernikov groups Fi and I is infinite, then 1 G/Z 1 6 ) I) . 
Proof: Let n be the set of finite subsets of I so that In 1 = (II and, for 
each 1 E A, let N, = G n n (F, : i 4 A) so that G/N, is Cernikov and 
n {N, : d E A} = 1. Let C,/N, = Z(G/N;.); then by Lemma 4.3 there is a 
finite subset X of G such that G = (Xc) C,. Clearly Z = Z(G) = 
C,(C,) n C,(P) and since G/CG(XG) is Cernikov, we have C,(C,)/Z is 
Cernikov, for each ,I E A. 
Let g E G and let T be the torsion subgroup of (g”). There is a 1 E n 
suchthatN,nT=landso [C,,g]6N,nT=lsothatgEC,(C,).Thus 
G/Z is generated by the Cernikov subgroups CG(C,)/Z and the result 
fo1lows. 
LEMMA 6.4. Let H be a subgroup of the residually Cernikov CC-group G 
with I H 1 = ~1, infinite. Then there is a normal subgroup N of G such that 
HnN= 1 and (G/NJ =c(. 
Proof For each x E H we choose a normal subgroup M, of G such that 
G/M, is Cernikov and x$ M,. Let M= f-j {M, 1 x E H} so that GJM is 
isomorphic to a subgroup of n {G/M, : x E H }. If C/M = Z(G/M) then, by 
Lemma 6.3, I G/C) < CL. Clearly H n M = I and Hz NM/M. By considering 
the embedding of C/M in its divisible hull it is clear that there is a sub- 
group NJM of C/M such that I C/N I d CL and HM n N = M. Then N a G, 
IG/Nl<u, and HnN=HnM=l,asrequired. 
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COROLLARY 6.5. Let S be an infinite subset of the residually Cernikoc 
CC-group G. Then 1 G: Co(S)1 6 ( S I. 
Proof Let H= SC. Then ( HJ = I SI and, by Lemma 6.4, there is a 
normal subgroup N of G such that Hn N= 1 and [ G/N( = 1 SI . Clearly 
N,< C,(H) d C,(S) and so the result follows. 
COROLLARY 6.6. Let H be a subgroup of the residually cernikov 
CC-group G such that HG/H, is not c’ernikov. Then ) Cl H) = ) H/H, 1. 
Proof We may write H = SH,, where 1 S) = 1 H/H, ( has to be infinite. 
It is clear that C,(S) < N,(H) and so 1 G:N,(H)I < (SI = (H/H, 1. 
Conversely, let T be a transversal to No(H) in G. If T were finite then 
[G/N,(H)] would satisfy the minimal condition and so HG/HG would 
be Cernikov. Therefore T is infinite and ) G:C,(T’)J < ) TI. But 
HnC’,(TG)<HHGandso )H/H,I<(T(=(ClHI. 
Corollary 6.6 can be combined with Lemma 6.1 and the results of 
Section 5 to give the following equivalent conditions. 
THEOREM 6.7. Let H be a subgroup of the residually cernikov CC-group 
G. Then the following are equivalent: 
(1) Lcl H=Cl H, 
(2) HG/Ho is cernikov, 
(3) No(H) 2 C&X’), for some finite set X, 
(4) [G/N,(H)] satisfies the minimal condition, 
(5) Lcl H is countable. 
Finally we give an example to show that condition (2) cannot be 
weakened to H/H, being Cernikov and condition (5) cannot be weakened 
to Cl H being countable. 
EXAMPLE 6.8. For each integer m 2 1 let C,,, = (x,,~) ia 1) be a copy 
of the quasicyclic p-group, where p is an odd prime, and put 
C= Dr (C,) m 2 I>. For each integer n > 1, there is an automorphism CL, 
of C of order 2 defined by 
(GJn = 1 
CX,,i) - l9 m<n 
(x,,i), m > n. 
Let A = Dr { (a,,)[ n 2 1 > and form the split extension G of C by A; 
clearly G is periodic and for each x E G, [G, X] < C, . . . C,, for some n, and 
therefore G is a CC-group. Moreover Z(G) = 1 and so G is residually 
Cernikov. 
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For each tn 2 1, we define J’,,, = n \Ix~,,,! ~, + , I 1 < id m). Let If be the 
subgroup generated by all the J’,,,; clearly H is a quasicyclic p-subgroup of 
G. It is easy to show that [H, rrr] = C,, [H, (zr, u:)] = C,C?, etc. There- 
fore [H, A] = C and so H” = C so that H” is not Cernikov. Since G is 
countable we must have Cl H countable but by Theorem 6.7, Lcl H # Cl H. 
In this example the automorphism of H which inverts each one of the 
elements of H is induced by a locally inner automorphism of G which is 
not inner. Thus the conclusion of Corollary 2.2(b) is, of course, false for an 
arbitrary Cernikov subgroup of a periodic CC-group. 
REFERENCES 
1. J. ALCAZAR AND J. OTAL, Sylow subgroups of groups with Cernikov conjugacy classes, 
J. Algebra 110 (1987). 507-513. 
2. M. R. DIXON, Some topological properties of residually Cernikov groups, Glasgow 
Math. J. 23 (1982), 65-82. 
3. M. R. DIXON, Fitting classes of CC-groups, Proc. Edinburgh Math. Sot. 31 (1988). 
415479. 
4. S. FRANCIOSI. F. DE GIOVANNI, AND M. J. TOMKINSON, Groups with Cernikov conjugacy 
classes, J. Austral. Math. Sot. 
5. M. GONZALEZ, “Incrustaciones de CC-grupos,” Tesis doctoral, Zaragoza. 
6. J. OTAL AND J. M. PE~~A, Characterizations of the conjugacy of the conjugacy of Sylow 
p-subgroups of CC-groups, Proc. .4mer. Math. Sot. 106 (1989), 605610. 
7. J. OTAL AND J. M. F’E~A, Locally nilpotent injectors of CC-groups, in “Contribuciones 
Matematicas en Homenaje al Profesor D. Antonio Plans” (E. Martin and A. Rodes, Eds.), 
(ISBN 84-7733-158-g), pp. 233-238, Universidad de Zaragoza, 1990. 
8. J. OTAL AND J. M. PERA, Sylow theory of CC-groups, Rend. Sem. Mar. Lmio. Padolla 85 
(1991). 
9. YA. D. PoLovtcKIi, “On Locally Extremal Groups with the Condition of a-Minimality. 
Dokl. Akad. Nauk SSSR 138 (1961), 1022-1024. 
10. YA. D. PoLovtcrcri, Groups with extremal classes of conjugate elements, Sibirsk. Mat. Zh. 
5 (1964), 891-895. 
11. D. J. S. ROBINKIN, “Finiteness Conditions and Generalized Soluble Groups,” Ergebnisse 
der Math., Springer-Verlag, Berlin, 1972. 
12. M. J. TOMKINSON, “FC-Groups,” Research Notes in Mathematics, Vol. 96, Pitman, 
Boston. 1984. 
